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, , , Abstract 

f^, We prove that the L^'-metric on the group of area-preserving diffeomorphisms Q of the two- 

■^^ ' sphere is unbounded. Moreover, we show that the vector space R of any finite dimension d with 

I — . ' tlie standard metric embeds in a bi-Lipschitz way into Q endowed with the L''-metric. 
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1 Introduction and main results 

1.1 Introduction 

The first results on the large-scale metric geometry of volume-preserving diffeomorphism groups 
equipped with the hydrodynamic L^-metric were achieved around 1985 by A. Shnirel'man |3D] (cf. [5T|). 
He proved that the diameter of the compactly supported difFeomorphism group of the three dimensional 
cube I^ = (0, 1)"^ is finite, and conjectured that this diameter is infinite in the two-dimensional case 
P — (0, 1)^. It is a folklore statement [1T1[31[TB] that Shnirel'man's boundedness result generalizes to 
arbitrary compact simply-connected Ricmannian manifolds (with or without boundary) of dimension 
3 or higher. 



Before we survey results pertaining to the question of unboundedness of the L^-mctric in the two- 
dimensional case, we briefly discuss the general method used to establish such a result. Usually, given 
a diffeomorphism group Q one constructs a function ^ : CJ ^> M, whose absolute value provides a lower 
bound for the length of a path in Q starting at the identity (up to some additive and multiplicative 
constants, possibly). This automatically implies that |^| is a lower bound for the corresponding norm 
on Q. Then, to obtain a result on the norm on Q itself, one argues that ^ suitably descends to Q. This 
holds for example if ^ is constant on fibers pr~^((j)) of the natural projection pr : Q ^^ Q, wp to an 
error that is bounded uniformly in (j) £ Q. It is interesting to identify such a calibrating function in 
each of the cases considered. 

Shnirel'man's conjecture for the two-dimensional case was settled in 1991 by Y. Eliashberg and T. 
Ratiu |16j . In fact they proved two more general results. First the i^'-mctric on the (identity compo- 
nent) of the group of symplectoniorphisms Sympcfi{M^ dX) of any compact exact symplcctic manifold 
(necessarily with boundary) is unbounded. Moreover its restriction (as a function of two variables) to 
the subgroup of Hamiltonian diffeomorphisms Hamc{M,dX) is unbounded. One can further restrict 
the metric (as a function of two variables) to the kernel Ker(Cal) C Hamc{M,dX) of the Calabi ho- 
momorphism [12] Cal : HaTnc{M,dX) -^ R, retaining unboundedness. Note that from this first result 
it follows as a special case that the iP-metric is unbounded on the group of volume-preserving diffeo- 
morphisms of any compact surface with boundary. The methods of proof of the first result involved 
the Calabi homomorphism as a key ingredient. 

To address the case of closed surfaces, we review Eliashberg and Ratiu's second result. For any compact 
manifold M with a volume form, whose first Betti number is non-zero and whose fundamental group 
has trivial center, the diameter of the group of volume-preserving diffeomorphisms endowed with the 
L^-metric is infinite. From this result it follows that the diameter is infinite for all surfaces of genus 
g > 2. The methods of proof of this result involve measuring (on average) the trajectories of the fiow 
against closed differential 1-forms (hence the condition on the first Betti number). 

For the two-torus T^ the situation is slightly more involved. Firstly, we note that since the orbit 
of any point in T^ under the action of a Hamiltonian loop is contractible (by the existence of the 
Seidel clement j29j or by a number of other arguments), one can apply either the original argument of 
Eliashbcrg-Ratiu or [TUl Theorem 1.2] to prove that the L^-metric on Ham{T^, dx Ady) is unbounded. 
Then it is rather uncomplicated to upgrade this result to the unboundedness of the L^'-metric on 
Diffo(T^, dx A dy). Alternatively, one can use a folklore argument measuring the displacement of a ball 
in the universal cover, to prove said unboundedness (this argument, related to us by L. Polterovich, 
resembles the proof of [23l Part II, Lemma 5.7]). 

Therefore the question that remained open was the case of the two-sphere 5^ , which is neither exact 
nor has first cohomology. We note that remarkable progress was achieved in the 1990's and the 2000's 
in the study of a different metric on the group of Hamiltonian diffeomorphisms, introduced by H. 
Hofer [20] . We refer to [521 [131 (Ml US for several early results in this direction, and shall not survey 
this intensive area of research fully, for the sheer number of developments and for reasons of relevance 
to the issue at hand in this paper. We note however, that a result of L. Polterovich from 1998 [23] 
on the unboundedness of the Hofer metric on Ham{S^,dV) implies by the Sobolev inequality the 
unboundedness of the L^-metric in the case of S*^ for exponents p > 2. However, since the Sobolev 
inequality in dimension two fails at exponent p = 2, one does not deduce the unboundedness of the 
hydrodynamic L^-metric from Polterovich's result. 

In this paper we settle the question of unboundedness of the L^-metric on DiS{S^,dV) for arbitrary 
exponents p > 1. Our methods are related to a different line of research in two-dimensional Hamilto- 
nian dynamics than described above, and have to do with braiding and relative rotation numbers of 
trajectories in extended phase space of time-dependent two-dimensional Hamiltonian flows. We note 
that Shnirel'man has proposed to use relative rotation numbers to bound from below the L^-lengths 
of two-dimensional Hamiltonian paths in [31] . This direction is related to the method of Eliashberg 



and Ratiu by a theorem of J.-M. Gambaudo and E. Ghys [17]. Gambaudo and Ghys prove that up to 
a multipUcative constant, the Calabi homoniorphisni is proportional to the relative rotation number 
of the trajectories of two distinct points in the two-disc under a Hamiltonian flow, averaged over the 
configuration space of ordered pairs of distinct points (21,22) in the two-disc (we will call this the 
average rotation number of the flow). While by virtue of this theorem it follows immediately that 
the average rotation number is a lower bound for the LP-distance from the identity (since the Calabi 
invariant is), it is instructive to obtain this bound directly. Such an estimate was performed by J.-M. 
Gambaudo and M. Lagrange [12] by a creative use of the Holder inequality, to obtain a different proof 
for the unboundcdness of the L^-mctric for the two-disc (a modification of which applies for Ker(Cal) 
too). Their argument was later pushed further by M. Bcnaim and J.-M. Gambaudo [5] to obtain 
quasi-isometric cmbcddings into Kcr(Cal) C Diffc(ID), dx A dy) of free groups on an arbitrary finite 
number of generators and of Z for all finite dimensions d. 

To explain our methods we should explain the functions we use to calibrate the L^-norm. These are 
quasimorphisms - functions that arc additive with respect to the group action - up to an error which is 
uniformly bounded (as a function of two variables), on groups of area-preserving diffeomorphisms. The 
quasimorphisms we use were introduced and studied by Gambaudo and Ghys in a beautiful paper from 
2004 |18j . These quasimorphisms essentially appear from invariants of braids traced out by the action a 
Hamiltonian path on an ordered ?i-tuple of distinct points in the surface (the traces should be suitably 
closed up to produce pure braids, and the resulting invariants averaged over the configuration space 
of n-tuplcs of distinct points). The general procedure for constructing quasimorphisms on volume- 
preserving diffeomorphism groups from quasimorphisms on the fundamental group (this is the case 
of the configuration space of 1-tuples) was described by Polterovich in [26], and quasimorphisms on 
diffeomorphism groups appearing from invariants of braids and related constructions were further 
studied in [27l [28l [8] and in other works. 

In [2 it was shown that for the case of 1-tuplcs and for the case of n-tuples of points on the stan- 
dard disc, the above quasimorphisms calibrate the L^-norm, improving in particular the result of 
Bcnaim and Gambaudo to bi-Lipschitz embeddings of M.'^ with the ^^-metric into Ker(Cal), and sharp- 
ening the results of Eliashberg- Ratiu (sec also [Hldn])- In this paper we produce similar estimates 
for the case of the two-sphere. Technically, our case of DiS{S'^,dV) is more difficult than that of 
Ker(Cal) C D'lS d^ , dx A dy) because the required analytical and topological bounds should be per- 
formed in different choices of coordinates. Hence first a coordinate-free expression for the quantities 
in question should be sought. 

As in [3] for the case of the two disc, our methods readily give a stronger result than unboundcdness. 
Namely, we prove that for every p > 1 the group DiS{S^,dV) with the L^-metric contains bi-Lipschitz 
embedded vector spaces M'' of arbitrary finite dimension d (equipped with the standard metric). We 
note that the natural counterpart of this statement in Hofer geometry is completely open: it is not 
known whether or not Ha'm{S^,dV) equipped with the Hofer metric is quasi-isometric to R. 

We also note that the local geometry of the Riemannian metric corresponding to the case of the L^- 
metric was studied earlier, and very extensively throughout the years, starting with the observation of 
V.I. Arnol'd [1] that the geodesic equations with respect to this metric coincide with the Euler equations 
of the flow of 2-dimensional ideal incompressible fluid. We refer to [15] for a recent development in 
this line of research and for a survey of previous results. 

It may amuse the reader to consider that the case of the two-sphere described in this paper is the 
two-dimensional case most pertinent to the atmospheric sciences. 



1.2 Preliminaries 

1.2.1 The LP-metric 

Let M denote a compact connected oriented Riemannian manifold (possibly with boundary) with a 
volume form ^. We denote hy Q ^ Y)\S.c,o{M, ^) the identity component of the group of diffeomor- 
phisms of M preserving ^, that are Id near the boundary if dM ^ 0. Alternatively, in the case of 
non-empty boundary, one can consider the open manifold M \ dM and take compactly supported 
diffeomorphisms preserving ^. 

Given a path {0t} in Q between 0o a-nd 01, we define its Z^-length by 

Jo J M 

where Xt = -^\t'=t4>t' ° 4>t'^ is the time-dependent vector field generating the path {(/)(}, and \Xt\ its 
length with respect to the Riemannian structure on M . As is easily seen by a displacement argument, 
this length functional determines a non-degenerate metric on Q by the formula 

rfp(0o,0i) =inf lp{{<l>t}), 

where the infimum runs over all paths {</>*} in Q between 4>o and 4>i. It is immediate that this metric 
is right-invariant. We denote the corresponding norm on the group by 

Il0llp ^dp{Id,(l)). 

Clearly dp{(l)o, (/)i) = ||(/)i0[^ ||p. Similarly one has the L^-norm on the universal cover Q of Q, defined 
ioT (f> G G as 

\\(p\\p = inf lp{{(pt}), 

where the infimum is taken over all paths {(f>t} in the class of 0. 

We note that up to bi-Lipsehitz equivalence of metrics {d and d' are equivalent if -^d < d' < Cd for 
a certain constant C > 0) the L^-metrics on G and on Q are independent of the choice Riemannian 
structure and of the volume form fj. compatible with the orientation on M. In particular the question 
of boundedness or unboundedness of the L^-metric enjoys the same invariance property. 

1.2.2 Quasimorphisms 

The notion of a quasimorphism will play a key role in our arguments. Quasimorphisms are helpful 
tools for the study of non-abelian groups, especially those that admit few or no homomorphisms to 
the reals. A quasimorphism r : G — > M on a group G is a real- valued function that satisfies 

r{xy) = r{x) + r{y) + b{x, y), 

for a function b : G x G ^ R that is uniformly bounded: 

5(7') := sup |5| < oo. 

GxG 

A quasimorphism f : G ^ M is called homogenous if r{x'^) ~ kr{x) for all x £ G and k G Z. To any 
quasimorphism r : G — 5- R there corresponds a unique homogenous quasimorphism r that differs from 



r 



by a bounded function: 



sup |r — r| < oo. 

G 



It is called the homogenization of r and satisfies 

r(a;") 



r{x) = lim 



n— >oo n 

We refer to |13| for more information about quasimorphisms. 

1.3 Main results 

We consider the following situation. Our manifold is AI = S'^ = CP^ endowed with the Fubini-Study 
symplcctic form dV scaled to have total volume 27r. Note that this is twice the Riemannian volume 
of the standard Fubini-Study metric on 5^, which is the Riemannian metric that we equip S^ with. 
For a given integer n we have the associated configuration space X = Xn{M) of ordered n-tuples 
of distinct points in M. This space can be considered as the complement in the complex manifold 
M" = M X ... X M of a union of n{n — l)/2 complex hypersurfaces. For 1 < i < j < n such a 
hypersurface Dij is defined by the equation z,; = Zj for Zi G M, Zj e M. Note that the Fubini-Study 
Riemannian measure induces a measure v of finite volume on X . 

Given a real valued quasimorphism r on the fundamental group F = Pn{M) = ■Ki{Xn{M),m) for a 
fixed base-point m G X„(M) there is a natural way to induce a real valued quasimorphism on the 
universal cover Q of the group Q of all volume preserving diffeomoprhisms of M = S"^ . Since in our 
case oi M = S'^ the fundamental group of Q is finite, this induces a quasimorphism on Q itself. The 
construction is carried out by the following steps (cf. [TS l [26 l [8] ) . 

1. For a\\ X ^ X' = X\Z , with Z a closed negligible subset (e.g. a union of submanifolds of positive 
codimension) choose a smooth path ^{x) : [0, 1] — )► X between the basepoint m G X and x. Make 
this choice continuous in X' . We perform this choice by choosing such a system of paths on M 
itself and then considering the induced coordinate-wise paths in A/", and picking Z to ensure 
that these induced paths actually lie in X. After choosing the system of paths {'y{xy}x£X\z we 
extend it measurably to X (obviously, no numerical values computed in the sequel will depend 
on this extension) . We call the resulting choice a system of " short paths" . On the two-sphere, 
we use minimal geodesies as paths on the manifold itself. We note, however, that the resulting 
quasimorphism will not depend, up to bounded error, on the choice of the system of short paths 
- as long as the new system of paths differs from the old one by a system of loops whose image in 
TTi {X, m) is bounded. For the calculations that follow we will make a choice of short paths that 
is equivalent in this manner to the one induced by minimal geodesies. We shall specify it later. 

2. Given a path {4>t}t£[a.i] in G starting at Id, and a point x & X consider the path {0t • x}, to 
which we then catenate the corresponding short paths. That is consider the loop 

lix) := 7(a;)#{0* • a:}#7(2/)"' e ^mX, 

where ~^ denotes time reversal. Hence we obtain for each x € X an element [l{x)] G 7ri{X,'m). 
Consequently applying the quasimorphism r : TTi{X,m) — ?> R we obtain a measurable function 
g : X ^ M.. Namely g{x) = r{[l{x)]). The quasimorphism $ on Q is defined by 

Jx 

It is immediate to see that this function is well-defined by topological reasons. The quasimor- 
phism property follows by the quasimorphism property of r combined with finiteness of volume. 
The fact that the function g is absolutely integrable can be shown to hold a-priori as in Appendix 
lAl We note that by Tonelli's theorem it also follows as a by-product of the proof of our main 
theorem. 



3. Of course our quasimorphism can be homogenized, to obtain a homogeneous quasimorphism $o- 

Remark 1.3.1. In our case, by the result of Smale [321 T^iiG) = Z/2Z, and hence the quasimorphisms 
descend to quasimorphisms on Q, e.g. by minimizing over the two-element fibers of the projection 
Q ^f Q. For $01 the situation is easier since it vanishes on ■ki{Q), and therefore depends only on the 
image in Q of an element in Q. We keep the same notations for the induced quasimorphisms. 

It is well-known (cf. |71 Chapter 4] ) that the fundamental group F is generated by the homotopy classes 
of small loops 7^^ around the partial diagonals D^ , moreover, as follows from a generalization (cf. [33j 
and references therein) of a theorem of Arnol'd [2] the first cohomology of X„(M) is generated by (— i) 
times the cohomology classes of closed 1-forms a,j, 1 <i < j <n, satisfying / aej' = iSl (Jj . 

Such aij can be constructed as the restriction to Xn{M) of the pull-back p*,a, for 

Py : M" \ D,j -^ A/2 \ D 

the natural projection {D being the diagonal in Af^) and 

1 diaw — bz) 

a = ; 

27r aw — bz 

for homogenous coordinates ([a, &], [z,it;]) on CP^ x CP^. We set Oij :— Im{aij). 
For a 1-form 6 on a manifold Y and a smooth parameterized path 7 : [0, 1] — > K set 



1^1 := / lO^wUmdt. 
Jo 

Clearly, for a smooth loop 7 we have \ J 0\ < J \9\. Note moreover that for any loop 7' homologous 

to 7 we similarly have | / S\ < J \9\. Moreover, / 1^1 = / -1 I^L where 7"^ is the time-reversal of 7. 

Our main theorem is the following estimate: 

Theorem 1. For every p > 1 the quasimorphism $ is controlled from above by the Lf-norm. Namely 
there exists a constant C such that for each path (j) — {(t>t} in Q starting at Id, we have 

m[^])\<c-ii,c^) + i). 

It follows immediately that 

Corollary 1. 

|*(-)|<C'.(||-||, + 1). 

By averaging and the triangle inequality for norms we have 
Corollary 2. 

\M-)\<c'-\\-\\p. 

By choosing any such quasimorphism $ that is unbounded (equivalently, non-zero such $0) we obtain 
the following (cf. [3]). 

Corollary 3. The metrics dp on Q and on Q are unbounded. 

By choosing a sequence <f>i.o, •.., $d,o of homogenous quasimorphisms satisfying $i.o(0j) == 5ij for a 
sequence 01, ..., (/>„ of commuting diffeomorphisms in Q we enhance this to the following. 

Corollary 4. For each integer d > \, there is a bi-Lipschitz embedding W^ -^ Q of groups, where 
the real vector space W^ is endowed with the metric coming the l^-norm, and Q is endowed with the 
L^ -metric. 

See Section [5] for examples of such choices. 
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2 Proof. 

The proof consists of two steps: the topological bound and the analytical bounds, the details of 
which appear in subsequent sections. For our purposes it is convenient to consider the generating set 
^ = Ui j{[lij]Alij]^'^} ill tli*3 spherical pure braid group P„(5^) = 7ri(X„(S'^), m). We denote by 
|[7]|5 the corresponding word-length of an element [7] in P„(S'^). 

Our goal is to estimate |$([0])| for a path = {</>(} in Q starting at Id. Wc first estimate the 
integrand g{x) = r([l(x)]). Surely, by the quasimorphism property, for Ci = max-^g^ \i'il)\ + <^(^) 
(recall that S(r) denotes the defect sup^, ^g^^/^) k(^y) ~ ^(2^) ~ ''(y)l < 00 oi the quasimorphism r) we 

\gix)\<C^■mx)]\s. (1) 

Therefore it is enough to estimate 

/ diyix) mx)]\s. 
Jx 

In order to do this wc prove the following topological bound. 
Lemma 1. 

mx)]\s<2AY,f 1%1+S, 



for some constants A > 0, i? > 0. 
Hence it is enough to estimate 

Note that 



du / |%|. (2) 

X Jl{x) 



l%|-/ l%l+/ l%l+/ l%|- 

ll(x) J-,(x) Ji(y) J{^fx} 

We show in Lemma [3] that for an appropriate choice of short paths we have ^ , \\dij\ < C^ for all 
q £ X. This will reduce estimating the expression in Equation [2] to estimating 



I dv j |%|. (3) 

JX J{tbfx\ 



i{4>fx} 

We note that \Oij\ < \aij\, where in the right hand side we use the standard norm on complex numbers, 
and hence it is sufficient to estimate 

' rf^ / l«..l- (4) 

X J{4>fx} 

To this end we have the following. 
Lemma 2. 

du / |ajj| < C4 • lp{(j))- 

X J{<l}fx] 

Hence, combining [TJ Lemma [I] Lemma [5] and Lemma [3] gives a proof of Theorem [T] 



3 Topological bound 

In this section we prove Lemma [TJ The idea is to use a full-measure chart on CP^ diffeomorphic to C, 
where the usual topological bounds can be applied. 

We shall estimate the expression |[Z(x)]|s via J2i<i lux) \^ij\- Indeed, consider the divisors D"^ that are 
defined by z^ = x^o = [1,0], in homogenous coordinates on CP^. Denote by 1^°° their union (sum). 
Consider the trace D^ = IJ^grQ n 4't • {D°°). Since this can be considered as a smooth cycle with 

boundary whose dimension is one less that of X, its measure is zero. Denoting Uq := CP^ \ {[1,0]}, 
consider the subset X" ~ X \ D^ C (Uq x ... x Uq) D X C X oi full measure. It is the maximal 

subset of X with the property that x £ X" if and only ii (f>t • x € X" for all t € [0, 1]. Note that 
(Uq X ... X Uq) nX = X„(C) canonically, hence for the length of the current estimate we shall assume 
that all points of 5^ that are considered lie in C. Firstly 

d,^{x) mx)]\s = [ d,.{x)mx)]\s. 

X Jx" 

We now estimate the right hand side of this equality. Note that 9ij = PijO, and the latter takes 
the form Im{ ^°'~^' ) in the chart Uq x Uq. Hence for x G X", we have J^,^ |0,;j| = Jkx)- 1^1' where 
l{x)ij — pij o l{x), and moreover the following equality holds by the co-area formula. 

For almost all u E S^, the quantity 

\p^ol{x){t) -pjol{x){t)\ 
is finite (and well-defined). Moreover, 



nij{uj)d'm{uj) 
l{x) Js^ 

for m the Haar (Lcbesgue) measure on S^ . Note that (cf. [HI E]) riijioj) is the number of times that 
the i-th strand ovcrcrosses the j'-th strand in the diagram of the braid l(x) obtained by projection in 
the direction uj. From the w-projection diagram of the braid l{x) we get a presentation of l{x) as a 
word in the full braid group i?„(C), generated by say the half- twists, that has exactly one generator 
for each overcrossing. Hence 

^ny(w) > |[^(x)]|b„(c). 

Consequently 

By standard geometric group theory (cf. [I4l Corollary 24]), since the pure braid group P„(C) is a 
subgroup of finite index in _B„(C), we have 

I • |p„(c) < -4| • |b„(c) + S, 

for some A > 0, i? > 0. Since the small loops around the diagonals whose classes generate the pure 
braid group Pn{S'^) can be taken to be disjoint from the infinity divisor D°°, we see that this generating 
set is actually an image of a generating set of P„(C) under the natural surjcction i* of fundamental 
groups induced by the inclusion. Therefore 

l«*(-)|p„(S2) < I • |p„(C) 



with respect to the chosen generating set. That is 

l7|p„(S2) < _ niin |7|p„(C)- 

76(«.)~M7) 

Combining the last three observations we have 

|[;(x)]|p„(5.)<2a/ ^|%|+i3. 

This proves the lemma. 

4 Analytical bounds 

4.1 Estimating middle term 

We first prove Lemma [2] The idea is to cover the sphere with two charts whose union has full measure, 
and each of whose closures is compact. This allows us to control the conversion factors between the 
spherical and the Euclidean metrics and volume forms. 

Proof. We adapt an estimate of Gambaudo-Lagrange (c.f. [9]), relying on a creative use of the Holder 
inequality. Since a^- = p*,Q;, and since projections in Banach spaces have norm 1, it is enough to show 
the estimate for the case n ~ 2, namely X = CP^ x CP^ \ D. For the path {(j>t} in Q we have 

di^{x) / |a| = / diy{x) / \a^^.x{X^{(l)t ■ x))\dt. 

X "'{^t-a;} Jx Jo 

Here X^ ~ Xt ® Xt is the time-dependent vector field coming from the diagonal action of Q on M^ . 
Note that this action preserves the measure v. If necessary, wc restrict it to X without changing 
notation. Therefore 

1 pi 

2/ 



di'{x) / \a^^.xiX^{(j)t ■ x))\dt = dt di^{x)\Lxfa\, 
X Jo Jo Jx 

by Tonelli's theorem. Of course by definition of the Lebesgue integral, we may integrate over Af ^ 
extending the integrand by +00 to the diagonal. 

To estimate this integral in terms of the L^-length we proceed as follows. First note that under the 
standard stereographic projection the lower hemisphere in S*^ is identified with the standard unit disk 

B = {\z\ < 1} in C. This sits as 

Ho = {[z,l]\\z\<l} 

in CP^ under the standard affine chart uq : C ^ Uq containing [0, 1]. Similarly, the upper hemisphere 
is identified with the subset 

H^. = {[l,w]\\w\<l} 

of the image of the affine chart u^o ■ C ^ Uoo in CP^. Moreover, CP^ is the measure-disjoint union 
of Hq and iJoo • Therefore 

CPI X CPI = {Ho X Ho) U {Ho x H^o) U {H^o x Ho) U (Hoc x iJoo), 

the union being measure-disjoint. Denote by UajS the chart map 

Ual3 = Ua X Ui3 : C X C ^ Ua X Ui3 C CP^ X CP\ 



9 



for a, /? G {0, oo}. Note that Ha x Hp is the image of D x D under Uq/j. We have 

I dt i di^{x)\Lx^a\=y^ dt kx^al- 

Jo Jx Q /3 -^0 Jh„xHi3 

We shall estimate these summands separately. We show first how to estimate the summand corre- 
sponding to Hoc X Hoa ■ The other summands are treated analogously. 

Note that u*^^a = ^^^^, and u*^^Xf = {Bt,Wt) for vector fields B = u*^Xt, W = u*^Xt on C. It 
is easy to see that via the affine trivialization of the tangent bundle to C x C, fi depends only on the 
coordinate b and W only on w. Moreover, u'^^i/ = fiM fi^ for /i the pullback by the standard afhne 
chart of our chosen Riemannian measure dV on CP^. Therefore 



I dt I dv \Lx-iCy.\ ~ dt 

Jo J{H^xH^)nX * Jo JoxB\A 



l^*(-)-^*^^)ld,Wd,M. 



\w-b\ 

We apply the triangle inequality |Wt(u)) — Bt{b)\ < \Wt{w)\ + \Bt{b)\, and estimate the two resulting 
terms separately. Since the two are estimated analogously, we show the case of the first summand. We 
have 

dt f dfi{w) f dfi{b)^-^^^^ ^ f dt f \Wt{w)\ d^i{w) f dti{b)-^-— < 

10 Jo Jo \w~b\ Jo Jo Jo \w-b\ 

< f' dt (f \Wt{w)\p d^^{w))-. ■ [j {[ dn{b)-^)''dii{w)t^, 

JO Jo Jo Jo 1^ ^ "I 

applying the Holder inequality to the functions <j)[w) = |PFt(w)| and %l:{w) = Jjydfi{b) lJ_u of w, and 
the measure ^, noting that the second function is in fact bounded by the constant 

C = / rf^W^-n > 0. 
7c \w - b\ 

Consequently 

dt f dii{w) I dAi(6)ffi^ < CttI • / dt{l \Wt[w)\P d^i{w))p. 
Jo Jo \w - b\ Jo Jo 

This is nearly the required result. What remains is to compare the integral on the right hand side to 
the corresponding part of the integral for the L^-length of {(j>t}- Note that 

lpi{M)= I dt{j \Xtf^,dV)"^ = [ dt{f \Xt\l,dV+ f \Xt\l,dV)^. 
Jo J s^ Jo Jho Jh^ 

We now note that 

X,\l.dV = 2 / \u*{X,)\%^Jl + \z\YP-'dm{z) 

Hn Jo 



\X,\%dV = 2 \uUXt)\l.Ul + \w\'')-^-^dm{w), 



and 

Jh^ Jo 

where m denotes the Lebesgue measure on C and | — \eucI is the Euclidean metric. Here we used the 
conversions for the pullback of the spherical measure 

d/z(C) = 2(l + |Cn-^dm(C) 
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Consequently 



and for the puUback | • \sph — u*\-\s2 , i £ {0, 00} of the metric on the sphere in either of the eoordinate 

r* M j-1 T'l^'^ 

{\-\spH)c = ii + \C\')-'\-\Eucl. 

Since for |w| < 1 we have 1 < 2^(1 + |wp)~P, we obtain 

f dt f d^l{w) f dti{b)^-^^^ < 2Ctt^ ■ f dt{f \Xtfs2dV)i. 
Jo Jn Jn 1^ ^ o| Jq J h^ 

f dt f dv \ix^a\ < iCn^ ■ f dt { f \Xtfg^dV)p . 

Jo J{H^xH^)nX ' Jo Jh^ 

We briefly describe the analogous estimate for 

dt dv |t^2a|. 

Jo J{HoxH^)nX ' 

We have (uooo)*« = ^^fe^, K^Xf = {A, Wt), At = ^^^^(a), Wt = u*^Xt{w). Hence 

\aWt{w) - At(a)w\ 



u*oooVxfa\ 



\aw — 1| 



Using the triangle inequality, we estimate say the first term analogously to the previous case, the only 
difference being following calculation. Denoting a = -, we compute 

dfi{a) = / 1 —dii{a) < / -j —djiia) = C. 



\aw-l\ J {\a\>i} \w - a\ Jc\w-a 

In conclusion we obtain the estimates 

[ dt f dv\ix2a\<2CTi^ ■ ( dt[{( \Xt\%^dV)i + { ( \Xt\l^dV)^ 

Jo J(HaXH,i)nX ' Jo J Ha Jhb 



l(HaXH,j) 

Therefore 



dt di^\Lx2a\<8CTT^ ■ dt[{ \Xtfg^dV)p+{ \Xt\l2dV)p]. 

Jx * Jo Jh„ J h^ 

Whence by the Jensen inequality, which in our case takes the form 

(/ \Xt\l.dV)-p + { j \Xtfs.dV)^ <2'-Hf \Xt\l,dV)-p, 
Jho Jh^ Js^ 

we obtain 

( dt ( dv \Lx2a\ < WCnh-p ■ f dt { f IXtfg^dV)^ . 
Jo Jx * Jo Js^ 

Namely 

I dt I dv \Lx2a\ < IGCirh^p ■ lp{{(f>t})- (5) 

Jo Jx ' 

This finishes the proof for 1 < p < 00. By passing to the limit p — > cxd we conclude 

dt / dv lix^al < mCn ■ looi{(pt})- (6) 

Jx ' 
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4.2 Estimating the short path terms 

We now describe the nice choice of short paths. 

Consider the affinc chart C = CP^ \ {[0,1]} C CP^ Namely, the chart is C ^ CP\ w ^ [l,w]. 
Denote x^o '■— [0, 1]. Define the divisor D^ in M" by the equation Zk = Xoo- Then a subset Xi in 
X of fuU measure is given by the equation Xi = X \ IJ^^j^ -^T ^ considered as subsets of M". Choose 
pairwise distinct base-points m^ G C, 1 < fc < n, for example mk = e ■ e*''"'^'^/", where < e is small. 
These points combine to a base-point m ^ X. 

For a point y = (j/i, ...,y„) G Xi, we have in particular that yj £ C, 1 < j < n. For each 1 < j < n 
consider the linear path 



{r 



t ■ iVj 



;)} 



*e[o,i] 



between nij and yj in C. Combine these paths to obtain a path 7(2/) between m and y in Af". 
Investigating the y for which the path 7(2/) is not contained in X, we obtain a union A^ of open subsets 
in submanifolds (with corners) of codimension 1. Thus we obtain a continuous system of paths as 
required on the subset X' ~ Xi\N oi full measure. Extend it measurably to X. This choice of paths 
allows us to prove the following. 

Lemma 3. For the nice choice of paths, we have J , s \Oij\ < n for all y £ X . 

Proof Indeed d,j = p*^e, for 6 = Im{a) on CP^ x CP^. In the chart a = 1, z = 1 for CP^ x CP\ the 
form a looks like a = ^^^i, ■ Hence J , , 16*^1 equals the total variation of angle of the linear path 
{wt — ^t}tG[o.i] in C (for ht^Wt corresponding to ^{y){t)i,j{y){t)j in the given chart), that does not 
pass through the origin. The bound is now immediate. 



5 Examples of quasimorphisms and bi-Lipschitz embeddings 
of vector spaces 

For a e Pji = P„(C) we denote by a the n-component link which is a closure of a, see Figure [1] 




Figure 1: Closure a of a braid a. 

Let sign„ : P„ — > Z be a map such that sign„(a) = sign(a), where sign is a signature invariant of links 
in M^. Gambaudo-Ghys jTB] and the first named author [5] showed that sign„ defines a quasimorphism 
on P„. As usual we denote by sign„ : P„ — > M the induced homogeneous quasimorphism. Recall that 
the center of P„ is isomorphic to Z. Let A„ be a generator of the center of P„. It is a well known fact 
that Pn{S^) is isomorphic to the quotient of P„_i by the cyclic group (A^_]^), see |6]. Let lk„ : P„ ^ Z 
be a restriction to P„ of a canonical homomorphism from P„ — Bn{C) to Z which takes value 1 on 
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each Artin generator of -B„. Let s„_i : P„-i — > R be a homogeneous quasmiorphism defined by 

I \ -^— I \ ^n-l(^"-l) 11 I ^ 

Sn-i{a) := sign„_i(a) - — -r — lk„_i(a). 

iK;„_i(A„_ij 

Since s„_i(A„_i) = 0, the homogeneous quasimorphism s„_i descends to a homogeneous quasimor- 
phism s„ : Pn{S'^) — !> M. Note that S2 and S3 are trivial because P2{S^) and P3(S'^) are finite groups. 

For each 71 > 4 let 

Siiii„: Diff(5^dV^)->M 

be the induced homogeneous quasimorphism. In |18[ Section 5.3] Gambaudo-Gliys evaluated quasi- 
morphisms Sign2„ on a family of diffeomorphisms 

jt^.S — !■ lb , 

such that /(^(oo) — 00 and fuj{x) — e^^^d^Dx, here S^ is identified with C U {00}, and uj: K+ — !> K is 
a function which is constant in a neighborhood of and outside some compact set. Let a{r) be the 
spherical area (with the normalization vol(C) = 1) of the disc in C with radius r centered at 0. Set 
u = 1 — 2a(r) and let u}{u) = uj{r). In [TSl Lemma 5.3] Gambaudo-Ghys showed that for each n > 2 

1 

Siii^2J/-) = f /("'""' - ^M^)du. (7) 

-1 

Proof of Corollary^ Let H,^ : S*^ ^^ M be a smooth function supported away from the {cxd} point and 

ft,uj be a Hamiltonian fiow generated by Huj, such that /i.^j ~ f^. Since ft,uj is an autonomous flow, 

by ([7]) we have 

1 



Sign2„(/t,^) = *| / ("^" ^ - u)oj{u)du. 



Let d G N. It follows from ([7|) that it is straight forward to construct a family of functions cj; : R+ -^ M. 
and {i^wiliLi supported away from the {00} point such that 

• Each Hamiltonian fiow ft^uji is generated by H,^. and fi.i^^ ~ fuji- 

• The functions {Hi^.}f^i have disjoint support and hence the diffeomorphisms ft.i^i and fs,uj 
commute for all s, t 6 R, 1 < i, j < n. 



Sign4(/i,„J ••• Sign4(/i,„J 
• The (d X d) matrix I : : : I is non-singular. 



Sign2d+2(/i,"i) ■•■ Sign2rf+2(/i,<^J 

It follows that there exists a family {$i,o}iLi of homogeneous quasimorphisms on DiS{S^,dV), such 
that $i.o is a linear combination of Sign4, . . . , Sign2rf^2 and 

$,,0 (/*,.,) = <^ ^ ., ... . (8) 

[0 if i^j 

Let /: R'^ -^ I)iS{S^,dV) be a map, such that 



13 



and V — (ui, . . . , Vd)- It follows from the construction of {fvi.uii}i=i that / is a monomorphism. Let 
A' ■— niax||/i^„. lip, where || • ||p denotes the L^-norni, then 

i 

\\fv,,uj, 0---ofv^,uAp <^'||w||, 
d 

where ||u|| = J2 l"*^*!- 

All diffeoniorphisnis fvi,uj-i_T ■ ■ , fv^.i^d pah-wise commute. Hence, for each 1 < « < d, by our main 
Theorem and ([8]) we have 

where A is the maximum over the Lipschitz constants (in our main theorem) of the functions 

$,,o: I)iS{S^,dV) -^R. 
It follows that 

11/.,,., o . . . o /„,,„J|p > ((d • A)-' mm |$.,o(/i,.,)|) M = {{d • A)-') \\v\\, 
and the proof follows. D 

A Integrability of the quasimorphisms 

For every pair of points x,y € S^ let us choose a minimal geodesic path Sxy'- [0,1] -^ S^ from x to 
y. Let ft e Diff(S'^,dV') be an isotopy from the identity to / G I)iS{S'^,dV) and let m e 5^ be a 
basepoint. For y e S*^ we define a loop 7^ : [0, 1] -> S^ by 

(s^y{3t) fortG[0,i] 

lyit) -^ \ ht-iiy) forie[i,|] (9) 

[s/(„)™(3i-2) forte[f,l]. 

Let Xn{S'^) be the configuration space of all ordered n-tuplcs of pairwise distinct points in the surface 
S*^. It's fundamental group TTi{Xn{S^)) is identified with the pure braid group P„(S'^). Fix a base- 
point m ~ {mi, . . . , rrin) in Xn{S'^). For almost each x = {xi, . . . , a;„) € X„(S'^) the n-tuple of loops 
{jxi, ■ ■ ■ ,lx„) is a based loop in the configuration space X„(5'^). Let 7(/, x) £ P„(5^) be an element 
represented by this loop. 

Let r: P„(S'^) — > R be a homogeneous quasimorphism. Note that since 7ri(Diff(5'^, dl^)) = Z/2Z, the 
value r{j{f;x)) docs not depend on the isotopy ft- Define $: DiS{S^,dV) ^ M by 

$(/):= / ri^if;x))dx $o(/) :- lim ^^ . (10) 

Lemma 4. T/ie function $0: 015(5", dV") ^^ M is a weH defined homogeneous quasimorphism. 

Proof. It was proved by Banyaga that there exists d G N and a family {fi}f^i of diffeomorphisms in 
the group Diff (S'^, dT^), such that each fi is supported in some disc Di C S^ and / = A o . . . o /^, see 
[3]. For each 1 < i < d pick an isotopy {ft^i} in 015(5*^, dF) between the identity and fi, such that 
the support of {ft.i} lies in the same disc Di. First we are going to show that |'I'(/,;)| < c«. 
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Let Xn{Di) be the configuration space of all ordered n-tuplcs of pairwise distinct points in the disc 
Di C S*^. Since changing a basepoint in X„(5'^) changes $ by a bounded value, we can assume that 
the basepoint m lies in Xn{Di). It follows that 

$(/.) - j rili.n;x))dx 



X:(")vol(X„_,(5nA)) / 

.7 = 1 ^"'^ ^ /r. 



r{l{fi;x))dx. 



Since r: Pn{S'^) — > R is a homogeneous quasimorphism, there exists a constant C > 0, such that 

\r{l)\ < C|7|p„(s2), 

where \'-^\p^(^g2-^ is the word length of 7 with respect to the Artin generating set of P„{S'^). The support 
of the isotopy {ft,i} lies in the disc, hence the representative of the braid ^{fi]x), which was built 
using {/t,i}, defines a braid in P„. It is a well-known fact that Pn{S^) is a factor group of Pn-i- It 
follows that |7(/i; x)|p,^(52) < |7(/i;a;)|p„, where | — \p^ is the word length in P„ with respect to the 
Artin generating set of Pn ■ For 1 < j < n the group Pj may be viewed as a subgroup of P„ by adding 
n — j strings. It follows that 



!*(/.) I ^ ^E (") vol(X„_,(5^ \ A)) I 



\liU,x)\p^dx. 
The integral J \"f{fi; x)\p^ dx is well defined for each 1 < j < n, see [HI Lemma 4.1], hence 

X,(D,) 

|$(/*)| < 00. 

Let g',h' e I)[S{S^,dV). Then 

\Hg'h')-^g')-^h')\ 

< J \rh{g'h';x))~r{j{g';h'{x)))-r{j{h';x))\dx 

X„{S^) 

< vo\{Xn{S^)) ■ 6{r) , 

i.e. $ satisfies the quasimorphism condition. It follows that 

l*(/)l < d Ur) • vol(X„(5^)) + ^ |<I>(/0| j . 
Hence $ is a well defined quasimorphism and so is $0- □ 

References 

[1] Vladimir I. Arnold, Sur la geometrie differentielle des groupes de Lie de dimension infinie et ses 
applications a I'hydrodynamique des fluides parfaits, Ann. Inst. Fourier 16 (1966), 319-361. 

[2] , On the cohomology ring of the colored braid group, Mat. Zamctki 5 (1969), no. 2, 227-231. 

15 



[3] Vladimir I. Arnold and Boris A. Khcsin, Topological methods in hydrodynamics, Applied Mathe- 
matical Sciences, vol. 125, Springer- Verlag, 1998. 

[4] Augustin Banyaga, The structure of classical diffeomorphism groups, Mathematics and its Appli- 
cations, vol. 400, Kluwcr Academic Publishers Group, Dordrecht, 1997. 

[5] Michel Bcnaim and Jean-Marc Gambaudo, Metric properties of the group of area preserving dif- 
feomorphisms. Trans. Amcr. Math. Soc. 353 (2001), no. 11, 4661-4672. 

[6] Joan Birman, On braid groups, Comm. Pure Appl. Math. 22 (1969), 41-72. 

[7] , Braids, links, and mapping class groups, Annals of Mathematics Studies, vol. 82, Prince- 
ton University Press. 1974. 

[8] Michael Brandenbursky, On quasi-morphisms from knot and braid invariants, J. Knot Theory 
Ramifications 20 (2011), no. 10, 1397-1417. 

[9] , Quasi-morphisms and L^ -metrics on groups of volume-preserving diffeomorphisms, J. 

Topol. Anal. 4 (2012), no. 2, 255-270. 

[10] Michael Brandenbursky and Jarek K§dra, Quasi-isometric embeddings into diffeomorphism 
groups, preprint arXiv:1108.5126, to appear in Groups, Geometry and Dynamics. 

[11] , On the autonomous norm on the group of area-preserving diffeomorphisms of the 2-disc, 

Algcbr. Geom. Topol. 13 (2013), 795-816. 

[12] Eugenio Calabi, On the group of automorphisms of a symplectic manifold. Problems in analysis 
(Lectures at the Sympos. in honor of Salomon Bochner, Princeton Univ., Princeton, N.J., 1969), 
Princeton Univ. Press, 1970, pp. 1-26. 

[13] Danny Calegari, scl, MSJ Memoirs, vol. 20, Mathematical Society of Japan, Tokyo, 2009. 

[14] Pierre de la Harpe, Topics in geometric group theory, Chicago Lectures in Mathematics, University 
of Chicago Press, Chicago, IL, 2000. 

[15] David G. Ebin, Geodesies on the symplectomorphism group, Geom. Funct. Anal. 22 (2012), no. 1, 
202-212. 

[16] Yakov Eliashberg and Tudor Ratiu, The diameter of the symplectomorphism group is infinite, 
Invent. Math. 103 (1991), no. 2, 327-340. 

[17] Jean-Marc Gambaudo and Eticnne Ghys, Enlacements asymptotiques. Topology 36 (1997), no. 6, 
1355-1379. 

[18] , Commutators and diffeomorphisms of surfaces, Ergodic Theory Dynam. Systems 24 

(2004), no. 5, 1591-1617. 

[19] Jean-Marc Gambaudo and Maxime Lagrange, Topological lower bounds on the distance between 
area preserving diffeomorphisms, Bol. Soc. Brasil. Mat. (N.S.) 31 (2000), no. 1, 9-27. 

[20] Helmut Hofer, On the topological properties of symplectic maps, Proc. Roy. Soc. Edinburgh Sect. 
A 115 (1990), no. 1-2, 25-38. 

[21] Boris Khesin and Robert Wendt, The geometry of infinite- dimensional groups, Ergebnisse der 
Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics [Results 
in Mathematics and Related Areas. 3rd Series. A Series of Modern Surveys in Mathematics], 
vol. 51, Springer- Verlag, Berhn, 2009. 

[22] Franois Lalonde and Dusa McDuff, The geometry of symplectic energy, Ann. of Math. (2) 141 
(1995), no. 2, 349-371. 



16 



[23 
[24 
[25 
[26 

[27 

[28 

[29 

[30 

[31 

[32 
[33 



, Hofer's L°° -geometry: energy and stability of Hamiltonian flows. I, II, Invent. Math. 122 

(1995), no. 1, 1-33, 35-69. 

Leonid Polterovich, Hofer's diameter and Lagrangian intersections, Internal. Math. Res. Notices 
(1998), no. 4, 217-223. 

, The geometry of the group of symplectic diffeomorphisms, Lectures in Mathematics ETH 



Ziirich, Birkhaiiscr Vcrlag, Basel, 2001. 

, Floer homology, dynamics and groups, Morse theoretic methods in nonhnear analysis and 



in symplectic topology (Dordrecht), NATO Sci. Ser. II Math. Phys. Chem., vol. 217, Springer, 
2006, pp. 417-438. 

Pierre Py, Quasi-morphismes de Calabi et graphe de Reeb sur le tore., C. R. Math. Acad. Sci. 
Paris 343 (2006), no. 5, 323-328. 

, Quasi-morphismes et invariant de Calabi, Ann. Sci. E'colc Norm. Sup. (4) 39 (2006), 



no. 1, 177-195. 

Paul Seidel, tti of symplectic automorphism groups and invertibles in quantum cohomology rings., 
Geom. and Fund. Anal. 7 (1997), 1046 -1095. 

Alexander 1. Shnirelman, The geometry of the group of diffeomorphisms and the dynamics of an 
ideal incompressible fluid. Mat. Sb. (N.S.) 128(170) (1985), no. 1, 82-109, 144. 

, Generalized fluid flows, their approximation and applications, Geom. Fund. Anal. 4 



(1994), no. 5, 586-620. 

Steven Smale, Diffeomorphisms of the 2-sphere, Proc. Amer. Math. Soc. (1959), no. 10, 621-626. 

Burt Totaro, Configuration spaces of algebraic varieties. Topology 35 (1996), no. 4, 1057-1067. 



Michael Brandenbusrky, Department of Mathematics, Stevenson Center, Vanderbilt 

University, Nashville TN 37240, USA 

E-mail address: michael.brandenbursky@vanderbilt.edu 

Egor Shelukhin, Department of Mathematics, University of Montreal, CP 6128, Succ. 
Centre- ViLLE Montreal, QC H3C 3J7 
E-mail address: shelukhiOcrm . umontreal . ca 



17 



